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Inverse problem by Cauchy data on arbitrary subboundary for 

system of elliptic equations 



O. Yu. Imanuvilov* and M. Yamamoto^ 



Abstract 

We consider an inverse problem of determining coefficient matrices in an iV-system of second-order 
^ ■ elliptic equations in a bounded two dimensional domain by a set of Cauchy data on arbitrary subboundary. 

rj^ | The main result of the article is as follows: If two systems of elliptic operators generate the same set 

of partial Cauchy data on an arbitrary subboundary, then the coefficient matrices of the first-order and 
zero-order terms satisfy the prescribed system of first-order partial differential equations. The main result 
implies the uniqueness of any two coefficient matrices provided that the one remaining matrix among 
the three coefficient matrices is known. 

< 

Let ft be a bounded domain in R 2 with smooth boundary and let T be an open set on dfl and Tg = dfl \ T, 
let v be the unit outward normal vector to <9ft. Consider the following boundary value problem: 



1 Introduction 



L(x, D)u = Au + 2Ad z u + 2Bd^u + Qu = in ft, u|r = 0. (1) 

Here u — [u\ , . . . , ujv) is an unknown vector- valued function and A, B, Q be smooth NxN matrices, i = 
^ ■ x = (xi,x 2 ) G M 2 , x is identified with z = x\ + ixi G C, d z = \ - i^^j and = \ [j^ + i-^j- 

00 ■ Consider the following partial Cauchy data: 

04 : du 

C^- C A , B , Q = {(u,—)\ f ;L(x,D)u = in ft, u\ Fo = 0, u G H\n)}. 

o \ 

The paper is concerned with the following inverse problem: Using the partial Cauchy data Ca,b,q, 
determine matrix coefficients A,B,Q. 

Note that we allowed freely choose Dirichlet data on T and measure the corresponding §^|p. In one 
special case of N = 1 and A = B = 0, this inverse boundary value problem is related to so called the 
Calderon's problem (see [5]), which is a mathematical realization of Electrical Impedance Tomography. 

Similarly to the case of N = 1 in [12], the simultaneous determination of all three coefficients A, B, Q is 
impossible, but we can establish some equations for coefficient matrices (A,B,Q) which generate the same 
partial Cauchy data. 
Our main result is 

Theorem 1 Let Aj,Bj G C 5+a (Ti) and Q 3 G C 4+a (Ti) for j = 1,2 and some a G (0,1). Suppose that 
Ca x ,Bx,Qi = Ca 2 ,b 2 .Q 2 - Then 

A x = A 2 and B x = B 2 on T, (2) 
2d z (A 1 -A 2 )+B 2 (A 1 -A 2 ) + (B 1 -B 2 )A 1 -(Q 1 -Q 2 )=0 mVL (3) 

and 

2c\(B 1 - B 2 ) + A 2 {B X - B 2 ) + (Ai - A 2 )B 1 - {Q 1 - Q 2 ) = in ft. (4) 
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In the case of N = 1 and two dimensions, there are many works and we refer to some of them, and here 
we do not intend to provide a complete list. In the case T = dQ of the full Cauchy data, the uniqueness in 
determining a potential q in the two dimensional case was proved for the conductivity equation by Nachman 
in [TB] within C 4 conductivities, and later in [T] within L°° conductivities. For a convection equation see [B]. 
The case of the Schrodinger equation was solved by Bukhegim [3]. In the case of the partial Cauchy data 
on arbitrary subboundary, the uniqueness was obtained in [9] for potential q £ C 5+a (il), and in |13j . the 
regularity assumption was improved to C a (tt) in the case of the full Cauchy data and up to WpiVl) with 
p > 2 in the case of partial Cauchy data on arbitrary subboundary. The case of general second-order elliptic 
equation was studied in the papers |12] and |10) . The results of [3] were extended to a Ricmannian surface in 
[7]. The case where voltages are applied and currents are measured on disjoint subboundaries was discussed 
and the uniqueness is proved in . Conditional stability estimates in determining a potential are obtained 
in |17j . For the Calderon problem for the Schrodinger equation in dimension three or more, we refer to 
the papers [J, [2], [TS] and [TS]. To the best knowledge of the authors, there are no publications for the 
uniqueness for weakly coupling system of second-order elliptic partial differential equations, and Theorem [T] 
is the affirmative answer. 

Theorem [1] asserts that any two coefficient matrices among three are uniquely determined by partial 
Cauchy data on arbitrary subboundary T for the system of elliptic differential equations. That is, 

Corollary 2 Let (Aj,Bj,Qj) £ C 5+a (U) x C 5+a (Ti) x C 4+a (U), j = 1, 2 for some a £ (0, 1) and be complex- 
valued. We assume that either A\ = A 2 or B\ = B2 or Q\ = Q2 in J7. Then Ca 1 ,b 1 ,q 1 = Ca 2 ,b 2 ,Q 2 implies 
(A 1 ,B 1 ,Q 1 ) = (A 2 ,B 2 ,Q 2 ) intt. 

Proof. 

Case 1: Q x = Q 2 . 

Denote R(x, D)(w%, w 2 ) — (2d z u>i + B 2 Wi + w 2 Ai, 2<9 2 u; 2 + A 2 w 2 +WiB{). Therefore, applying Theorem 
[I] we obtain 

R(x,D)(Ai- A 2 ,Bi- B 2 ) =0 in fi (5) 

and 

(A 1 -A 2 )\ f = (B 1 -B 2 )\ f = 0. (6) 

Let a function ijj £ C 2 (£l) satisfy |V^| > on ft, X be a large positive parameter and </> = e A ^. Then 
there exist constants To and C independent of r such that 

V^Wwe^W^ < C1|(0,u;)e T *|| La( n), Vr > r and Vw £ H^O) (7) 

and 

|T|'||w;e T *|| L 2 ( n) < C\\(&?w)e^\\ L 2 {nh Vr > r and Vw £ Hq(CI). (8) 
Consider the boundary value problem 

R{x,D)(w 1 ,w 2 ) = {f 1 J 2 ) infi, (w 1 ,w 2 )\ an = 0. (9) 

Applying the Carleman estimates ([7]), ([5J to each of ./V 2 equations in ([9]), we have 

|r|5||( Wl ,u; 2 )e^|| L2( n) < C ^ ||/ je T *|| L 2 (n) + ||( Wl) «; 2 )e T *|| L 2 (n) j , Vr > r . (10) 

The second term on the right-hand side of (fTQ|) can be absorbed into the left-hand side. Therefore we have 

2 

|r|5||( u , 1 , U ; 2 )e^|| i2(0) <C^||/,e^|| L2(0 ), Vr > r . (11) 

7=1 

Using pT|) and repeating the arguments in [5], we prove that a solution of the Cauchy problem ([S]), @ is 
zero. 

Case 2: B X =B 2 . 
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From equation we have 

(A 1 - A 2 )B 1 = (Qi - Q 2 ) in fi. 

Hence equation ([3]) can be written as 

2d z (A 1 -A 2 )+B 2 (A 1 -A 2 )-(A 1 -A 2 )B 1 =0 in O, (A x - A 2 )| F = 0. (12) 
Using ([?]>. for the boundary value problem: 

29 z w + B 2 w - wBi = f in tt, w\gn = 0, 

we obtain the estimate 

\T\^\\we^\\ L2m < C||/e^|| i2( n) Vr > r . (13) 

Using Carleman estimate (fTB")) and repeating the arguments in [5], we prove that solution of the Cauchy 
problem (fT2"|) is zero. Then equation (Q} implies that Qi = Q 2 . 
The proof in the case A\ = A 2 is the same.l 

Next we consider other form of elliptic systems: 

L(x,D)u = Au + Ad Xl u + Bd X2 u + Qu. (14) 
Here A, B, Q are complex-valued N x N matrices. Let us define the following set of partial Cauchy data: 

~ f du ~ 1 

Ca,J3,q = S {u, Q^)\f' L{x,D)u = Au + Ad Xl u + Bd X2 u + Qu = in O, u|r =0,u£ H 1 ^) V . 

Then one can prove the following corollary. 

Corollary 3 Let Qi,Q 2 G C 4+Q (f2) and let two pairs of complex-valued coefficient matrices 
(Ai,Bi),{A 2 ,B 2 ) G C 5+a (U) x C 5+a {Ti) for some a G (0,1). We assume that Q x = Q 2 m Q. Then 
(■/ti.Bi) = {A 2 ,B 2 ) mil. 

Proof. Observe that L(x,D) = A + Ad z + Bd z + Q where A = A + iB and B = .4. - iB. Therefore, 
applying Corollary 2, we complete the proof. B 

Remark. Unlike Corollary [21 in the two cases of A\ = A 2 and B\ = B 2 , we can not, in general, claim 
that f.4.i,6i, Qi) = (^2)62,^2)- By the same argument as Corollary [21 we can prove only 

(i) || = it innif ^=^inn. 

(ii) ^ = ^ inQ if Bl= B 2 inO. 
Moreover consider the following example 

Q = (0,1) x (0,1), 

f = {(xi,x 2 ); x 2 = 0, < zi < 1} U {{xi,x 2 )\x 2 = 1, < X\ < 1}, 

and let us choose 77(2:2) G Cq°(0, 1). Then the operators L(x,D) and e sr, L(x, D)e~ sri generate the same 
partial Cauchy data, but the matrix coefficient matrices are not equal. 



2 Preliminary results 

Throughout the paper, we use the following notations. 

Notations, i = y— T, xi,x 2 ,^i,^ 2 G Mr, z = x\ + ix 2 , C = £1 + ^2, z denotes the complex conjugate of 
z G C. We identify x — (xi,x 2 ) G M 2 with z — x\ + ix 2 G C, d z = ^(d Xl — id X2 ), d-g = \{d Xl + id X2 ), 
8 = ((3i,f3 2 ),\(3\ = fa + f3 2 . D = (i^-jigfj)- Let xg be the characteristic function of the set G. The 
tangential derivative on the boundary is given by d? = v 2 — ^lgf^i where v — {y\, v 2 ) is the unit outer 
normal to cT2, B(x, 6) — {x G R 2 ; \x — x\ < 6}, S(x, S) = {x G M 2 ; \x — x\ — S}. We set (u, u)l 2 (o) = J n uvdx 
for functions u, v, while by (a, b) we denote the scalar product in R 2 if there is no fear of confusion. For 
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/ : K 2 — > R 1 , the symbol /" denotes the Hessian matrix with entries Q ® q x , C(X, Y) denotes the Banach 
space of all bounded linear operators from a Banach space X to another Banach space Y. Let E be the 
N x N unit matrix. We set ||u||#i,T(n) = CMI^n) + l T | 2 |MlL 2 (fi))^ • Finally for any x € <9fi, we introduce 
the left and the right tangential derivatives as follows: 

D + (3f)/= lim MlM, 

where ^(0) = x, £(s) is a parametrization of dtt near x, s is the length of the curve, and we are moving 
clockwise as s increases; 

D_(i)/= lim 

s->— s 

where ^(0) = a?, £(s) is the parametrization of <9f2 near x , s is the length of the curve, and we are moving coun- 
terclockwise as s increases. By ox(^) we denote a function /(t, •) such that ||/(r, = o(-tt) as l T l — ^ 
+oo. 

For some a G (0, 1), we consider a function $(z) = <p(x\,X2) + iip(xi,X2) € C 6+Q (£l) with real- valued 99 
and V' such that 

9 z $(z) = in 17, Im$|r S =0, (15) 

where Tq is an open set on 5f2 such that To CC TJ. Denote by T-L the set of all the critical points of the 
function $: 

_ <9$ 

H = {zen ; — (z ) = 0}. 
az 

Assume that <I> has no critical points on T, and that all critical points are nondegenerate: 

u n dn c r , c\ 2 7^ 0, Vz e w. (16) 

Then $ has only a finite number of critical points and we can set: 

K\T = {x x ,...,xt}, HnT = {x e+ i,...,x e+e ,}. (17) 

Let dfl — UjLi'fj, where jj is a closed contour. The following proposition was proved in [9]. 

Proposition 1 Let x be an arbitrary point in f2. There exists a sequence of functions {3?e}ee(o,i) satisfying 
k!5\) . U6\) and there exists a sequence {x e },e € (0, 1) such that 

— <9$ e 

x e £ He — {z G ft; — — (z) = 0}, x e — > x as e —> +0. 
Moreover for any j from {1, . . . ,7V}, we have 

M e n7jcr„ z/ 7j nf = 

and 

Im$ e (x e ) {Im$ e (x); i€W f \ {x e }} and Im§ e (x e ) ^ 0. 

The following proposition was proved in |12j . 

Proposition 2 Let r, CC T k an arc with the left endpoint X- and the right endpoint x + oriented clockwise. 
For any x £ IntY*, there exists a function $>(z) which satisfies h!5}) . 116\) . 7m$| 90 ^p = 0, 

— ■ dim $ 

ie5 = {ier,; — (a;)=0}, card Q < oo (18) 

OT 
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and 

(■^-flm^{x) £ Vx eQ\{x-,x+}. (19) 

OT 

Moreover 

Im®(x) ^ Im$(x), Vx € Q \ {x} and Im$(x) ^ (20) 

and 

n+(x-)(-^) e Im<P^0, n-(x+)(-^) e Im<S>^0. (21) 
Later we use the following Proposition (see [9]) : 
Proposition 3 Let $ satisfy U5\) and U6\) . For every g £ i 1 (il), we have 

ge T (®~®'dx — > as r -> +oo. 

Jo 
Moreover 

Proposition 4 Lei $ satisfy LT3)) , LT^)) , 5 € (fi) iwi/i some p > 2, g\u — and suppg C Q. TTiera 

/ ge T ^~^ dx — o(— ) as r — > +00. 

Proof. By the Sobolev imbedding theorem, the function g belongs to C Q (il) for some positive a. Note 
that by (|16p and the assumption on g, we have 

m,v)er(*-*) < ^Mc(mM < _c_ 

119 2i|VV| 2 ll C(S(x 3 ,s))^ g ~ S i-«- ( > 

Also 

div (g— — — -) = (Vflf, - |= ,.„ ) + gdiv 



2ir|V?M 2 2ir|VV'| 2 V 2 H V # 

Since 

by the Holder inequality we conclude that (Vg, ^^^p ) G L 1 (fi). By (fTB)) and assumption that £/|-h = 0, 
we obtain 

i+t' I / M W 



gdiv 



( 

V2iT|VVj| 2 



< 



,- =1 \ X x j\ j =1 \ x x o\ 



\2—a ' 



Therefore div ( 

92iT\V4>\' A ) e By passing to the limit as 5 goes to zero, we have 

J = [ ge^-^dx = hm / ge^~^dx = lim / g ^^^ dx 

Jn s ^Jn\u^s(x^s) ^°is!\u*;s(J J ,J) 2ir\Vip\ 2 

= Hm / g ^t'^)^ ^ - Hm / div fo-** Je^d* 

t-rtJuggs&tf 2ir|W| 2 ^oin\u*±i's^,5) ^2zt|V^| 2; 



Jo 2irV?/'r 



Using Proposition |31 we finish the proof. I 
Consider the boundary value problem 



L(x,D)u = f in 57, u\ 



09. 
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Proposition 5 Suppose that $ satisfies 115)) , 116]) , u G Hq(Q.) and \\A\\ Lx ,(ty + \\B\\ L .^^) + < K. 

Then there exist tq = tq(K, $) and C = C(K, independent of u and t, such that 

|r||K^||| 2(n) + \\ue^f HHn) + |||V*||3 a(ro) + T 2 |||^|^||| 2(n) 
<C\\\{L(x,V)u)e^\\l 2m + \T\ y_ 

/or a/Z |t| > tq. 



< C(\\(L(x,D)u)e^\\l 2m + \r\ / \^f^da) (23) 



For the scalar equation, the estimate is proved in [12 . In order to prove this estimate for the system, it is 
sufficient to apply the scalar estimate to each equation in the system and take an advantage of the second 
large parameter in order to absorb the right-hand side. 
Using estimate (f23|) . we obtain 



Proposition 6 There exists a constant tq such that for |r| > To and any f € L 2 (fl), there exists a solution 
to the boundary value problem 

L{x, D)u = f in D,, u\ To = (24) 

such that 

INI^CnjA/H^CH/ll^n). (25) 

Moreover if f/d z <f> G L 2 (fl), then for any \t\ > tq there exists a solution to the boundary value problem \2J$ 
such that 

IMki-(n) < CWfjdMLHO)- (26) 
The constants C in H25\) and H26\) are independent of t. 



The proof is exactly the same as the proof of Proposition 2.5 in [12] and relies on the Carleman estimate 
Let us introduce the operators: 

9(&,&)„ n -i 1 f ff(£i,£ 2 ) 



o- 9= / — : a£ia&, o» 9 = / 



Then we have (e.g., p.47, 56, 72 in [19]): 
Proposition 7 A) Let m > be an integer number and a G (0,1)- Then d^\d~ l G 

C(C m+a (Ti),c m+a+1 (Ti)). 

B) Let 1 <p < 2 and 1< 7 < Then cC 1 ,^ 1 € C{L P {Q), i 7 (^)). 
CjLei 1 <p < 00. TTien Sf 1 ,^ 1 G £(L p (ft), W-^))- 

For any matrix £? G C 5+a (0), consider the linear operators Tg and Pb such that 

{2d z + B)T B g=g mil; {2ch+B)P B g = g mil (27) 

and 

Tb, P b G C(H s (n),H s+1 (n)) n £(C fe+Q (0), C* fc+1+a (ft)) Vs G [0, 6], Vfc G {0, 1, . . . 6}, (28) 

and 

T B ,P B ££((H\n))',L\n)). (29) 

The existence of the operators Tb , Pb with the above properties follows from the regularity theory of elliptic 
systems on the plane (see e.g., [20]'). 

Let e G Co°(f2) satisfy \e(x)\ < 1, the support of e be concentrated in a small neighborhood of T~L \ Tq 
and e be identically equal to one in an open set O which contains H\Tq. We introduce the operators T_b 
and <P_b by 

00 00 
*b = ^{-Wi^zByd^, <$ B = -Y,{-l)\^ 1 eBydz\ (30) 

3=0 3=0 
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Taking the function e such that J SU pp e Ida; is sufBciently small, we have 

\\d7 1 eB\\ c{L p^ ):L p^ n)) < 1 and \\d^ l eB\\ C (L*(Sl),L*((l)) < 1. (31) 

Indeed, by Proposition [7] for any p > 1 there exists a number g € (l,p) such that the operators d~^,d^ : 
L 9 (S1) — > L P (S1) are continuous. Therefore 

Wd^eBgWLp^ < \\d~ 1 \\ c{L < l (n )iL p(n))\\B\\ L °o(n)\\eg\\L<i(Q) 

/ r \ (p-q)/p 

< \\dz 1 \\c(Li(n),Lp(n))\\B\\ L ~. { n) ( / Ida;) llffllif (o), 

\«/ supp e J 

and if / su pp e Ida; is small, then we easily have (|31l) . 

Hence the operators 1 B and *Pb introduced in (j3"0j) are correctly dehncd. 
We define two other operators: 

ft T g = ie^*- 5 )^ 1 ^^"*)), £ t5 - ie^-*)^" 1 ^^*-^). (32) 

For any TV x N matrix B with elements from C 1 (SI) , we set 

T B = 1 B - T B (1 - e)BT B , P B = <p B - Pb(1 - e)B% B , 

n r , B g = ~%-b,t9 - e ^-*)T B (e T (*- ¥) (1 - e)B% Br g), (33) 

ftr.BS - Vfl,r5 - e T( *- ¥) PB(e T(¥ -* ) (l - e)B% B , T g) 

and _ _ _ _ 

<Z Br = e T (*-*)T s e T (*-*\ «p B , T = e T (*-*)«p B e T( *-* ) . (34) 

For any g € (7 a (fi), the functions lZ T , B g and TZ TjB g solve the equations: 

(2&T + 2t^$ + B)K T , B g = g in SI, (2<9 2 + 2t<9 2 $ + B)K T<B g = g in SI. (35) 

We have 

Proposition 8 Let B E C 1 (S1), g 6 C 2 (S7), suppg CC {x|e(x) = 1} and = 0. T/ien /or p £ (1, oo), rae 

\\K T , B g - 2r g $ H^ P (") + Il^r,s9 - 2t ^ IU p (^) = °(~) as l r l ^ °°- ( 36 ) 
Proof. By Proposition 3.4 of [12], for any p > 1, we have 

ll^rff- + ll^r.9 - 2 ^_- Hi>(n) = o(-) as|T|^oo. (37) 

Propositions 2] and [7] yield 

llRT{ 2^ }hp{n} + ^ T{ ^^ }hp{n) = o{ b as i T i^°°- ( 38 ) 

Thanks to (|3"5)) and (j3"T)l . we obtain 

\\^B,r9-^^\\LP(n) + WB,rg-^^\\ L p(a)=o(^) as |r| -> oo. (39) 
By suppg CC {x|e(a;) = 1} and (|2"5|) . (j3"9")l , we obtain the asymptotic formula: 

\\ e ^-^T B e T{ *-^ o(l- e )i?T B , r5 || i P ( ^ ) + ||e^- ¥ )p Be T(¥ -^o(l- e )i?^ B , T5 || iP(f2) = (i) as |r| -> oo. 
The proof is completed. ■ 



3 Proof of Theorem [T] 

Proof of Theorem Q3 

Step 1: Construction of complex geometric optics solutions. 

Let the function $ satisfy (fT"5)) , (|16p and x be some point from H \ Tq. Without loss of generality, we 
may assume that T is an arc with the endpoints x±. 
Consider the following operator: 

Li(x, D) = 4d z ch + 2A x d z +2Bxds+Qi 
= (2d z + B 1 ){2dz+ Ax) + Q x - 2d z A x - B X A X 

= (2th + A x )(2d z + B x ) +Qx- 2d z Bx - A X B X . (40) 
Let (wo,wo) £ C e+a (£l) be a nontrivial solution to the boundary value problem: 

JC(x, D)(w , w ) — (2d z w + Axwo, 2d z w + B x w ) = in Q,, w + w Q = on IV (41) 
We have 

Proposition 9 Let x be an arbitrary point from H\To and z £ C N be an arbitrary vector. There exists a 
solution (wo,wq) € C 6+a (fl) to problem f^i| ) such that 

w (x) = z, (42) 

,• \ w o(%)\ .. \w (x)\ , . 

llm I 198 = llm I 198 = ( 43 ) 

x-*x± \X — X±\ JO x^rx± \X — X±\ JO 

and 

9*Z&£wo(x) = d^d^w (x) VxeH\ {x} and Vai + a 2 < 6. (44) 

Proof. Let us fix a point x from H \ {x}. By Proposition 4.2 of 12 ; there exists a holomorphic 
function a{z) e C 7 (f2) such that Ima\r — 0, a(x) — 1 and a vanishes at each point of the set 
{x±} UH\ {x}. Let (wo,o, Wo,o) € C 6+Q (f2) be a solution to problem (|4]~|) such that wo,o(x) = z. Since 
(wq,wq) — (a 10 wo,o,a 10 wofi) solves problem ([4"T) and satisfies ([4"4l - ([4"2")) . the proof of the proposition is 
completed. ■ 

Now we start the construction of complex geometric optics solution. Let the pair (wo,Wo) be defined by 
Proposition [9l Short computations and (j40|) yield 

Lx(x, D)(i«oe T$ ) = (Qi - 2d z A x - BxAx)w e T * , L ± (x, D){w e T ^) = (Qx - 2d z B 1 - AxBx)ul e T *. (45) 

Let ex, e2 be smooth functions such that 

suppei CC suppe = 1, ex + &2 = 1 on f2, (46) 

and ex vanishes in a neighborhood of dfl and e2 vanishes in a neighborhood of the set T-L \ Tq. 
Denote G t = {x € f2|disf(supp ei, a;) > e}. We have 

Proposition 10 Let B,q e C 5+Q (£l) /or some positive a and q G Wp(fi) /or some p > 2. Suppose that 
q\h = q\u = 0. There exist smooth functions m± £ C 2 (G e ) which is independent of r smc/i i/iai /or any 
G e n suppe — 0, t/ie asymptotic formulae hold true: 

~ rf — f rn p 2iT ^(^) 1 \ 

K TtBl (ei(q+~)) = e T ^ + o^^) J a s|r|^+oo, (47) 

^( ei (g + ^)) = e T <*"*> f +0c2( _ )( _) j as | T | _> +0O . (48) 
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Proof. By the Sobolev imbedding theorem the function q belong to the space C a (Vt) with some positive 
a. Therefore the trace of q on T~L defined correctly. For all N and for any domain G eo with eo > there 
exists a function m+ jv G G 2 (G Co ) such that 

fl^W (V^e^+^J | GeQ = e -^(!^_ + 0oa(3<o) (i)). (49) 



2 

This formula follows immediately from the stationary phase argument, the assumption that functions q, q 
equal zero on H, Proposition |4] and the representation of the operator {—l) N [^d^ 1 eB) N d~ 1 ei in the form: 

{-l) N {\d- l eB) N d- l e l9 = { K{x,0ei(0g{0^, 
1 Jo. 



where 



Xl - 1X2 - (4l - «?2) 



Next let a; = (x^x^) be an arbitrary hxed point in SI, d@ = d^od^o, an d z° = + ix\. Let CV = 
— ^d~ 1 eVB for any matrix valued function V(x). By Proposition [7] there exists N such that the operator 

C N G £(Li(n),C 5 (Tl)) VN>N. (50) 

We write the operator (■^d~ 1 eB) N d^ 1 in the form of the integral operator 

\7V 



2- 



2 2 7rJ f2 sci - zx 2 - (Ci - «6) 

Let us estimate the kernel /Cat. Observe that 

JC^a&O = (-l) N C N M ^_-y (51) 

Since sup^eG.^^sll^^H f +sup z o £ q|| gO_g ll^§fQ\ < 00 there exists r € (0, 1) independent of N such 
that 

^lif'C-j^l^Sr"-*. (52) 

By {52}, {50} we obtain 

HfovOr, •)ll(c 5 (G E )nL°°(n))xc 5 (n) - C r • (53) 
By {53} there exist a function /C(ir,£) G (G 5 (G e ) n L°°(Q)) x G 5 (H) such that 

. 2 2 7T J a xi - ix 2 - (6 - «6) 

So, by the stationary phase argument there exists a function m G (G 2 (G e ) n L°°(f2)) x G 5 (f2) such that 

£ e-^ ( _i)i(^-i e B)i 5 -i (e ^ ei(5+ £ )} = e -2^ ( !^ + OLoo(Gf)( J_ )) w> o, (54) 

E e" 2 ^(-iy ( V^V^'^ + J)) = e "^(SL + 0c2(Z?£) ( 1 )). (55) 



i=AT +2 
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By ([531), (f5"5"l) , (|49[) for any positive e we have : 

2iTip(x) 



and 



WM«+f))|G, = e^ ¥ -*) + OLoo( - )( _)j asM^+oo, (56) 

— / —2irTp(x) 1 \ 

^ Bl Aei(q+^))\ G , = e^^ [^y 2 + ^(<3 f )(^) J as|r|^+oo. (57) 

T BljT ( ei ( 9 + ^))k - e '<*"*> + o^^-) as |r| -+ +oo, (58) 



5Pfl 1 ,r(ei(« + |))k = e^*-^ (^—-5 + 0c2( ^ )( _)j M |r|->+oo. (59) 

Let positive e be such that supp (1 — e) C Gg and e < e, e" g (e, e) Then using (|56[) we have 



e- 2 ^T Bl (e^*-*)(l - e)B 1 1 BuT e 1 (q + 1)) - e - 2 ^T Bl ((l - e)B 1 T Bl (e r (*-*)e 1 ( 9 + £))) 

r t 

= e- 2 ^ +2 ^^)T Bl ((l - e )x Ge „Bi^ + (! - e )XG e „o c2(Z - 7) (^)) + 

e -2r#+2^(5) TBi((1 _ e)(1 _ XGe „) Sl ^± + (1 - e)(l - XGc „) 0ioo(Gf) (-L)). (60) 

Here in order to obtain the last equality we used ([51)1) and Using (|55|) . (j6"0"j) . ([25)1 and Proposition [7] we 
obtain gZ]). ■ 

Denote gi = P Al ((Qi - 29 z Ai - BiAi)t«o) - Mi, 92 = T Bl ((Qi - 2^B X - A x B x )w Q ) - M 2 e C 5+Q (tt), 
where the functions Mi £ Ker(dz+ Ai) and M 2 £ Ker(d z + Bi) are taken such that 

qi{x) = q 2 (x) = 0, d£d% qi (x) = d^d^q 2 (x) Vz £ H \ {x} and Va x + a 2 < 5. (61) 

By Proposition [TU1 there exist functions m± £ C 2 (dQ) such that 

n T , Bl {ei{qi + q -^))=e^-^ [^- 2 +0ffl(8n) (_)j as |r| ^ +co (62) 

and 

^r,A 1 (ei( g2 + -)) = e T( *~ ¥) f — + o HHd n){\)\ as |r| -> +co. (63) 



r \ r z t z 7 

Next we introduce the functions W-i, W-x, a±,b± G C 2 (fi) as a solutions to the following boundary value 
problems: 

K(x,D)(w-i,W- 1 ) = inn, (^_ 1 +^_ 1 )| ro = -g ¥ + -g=, (64) 

8%lB£w-x{x) = 8%ld%w-i{x) Vx € H and Va x + a 2 < 2, 

/C(x, -D)(a±, &±) = in 51, (a± + 6±)|r = TO ±- (65) 

We set Pl = -(Qi - 2^B X - A 1 Bj)($fe + W - 1 ) + L^x, D)(jp), p 2 = -{Q x - 2d z A^- B 1 A 1 )(j^ + 

fi;_i)+i 1 (i,I>)(^) > «! = T Bl p 2 -M 2 ,q 1 = P AlPl -M u where M x £ Ker{d z + A 1 )andM 2 £Ker{d z + B 1 ) 
are taken such that 

qi{x) = q 2 (x) = 0, d^d^q x {x) = d£d™q 2 (x) Vx £ U \ {x} and Va x + a 2 < 2. (66) 

Since ^s'ia-* € H 1 (dn) by (j6"B")) . there exists a solution (w- 2 ,W- 2 ) £ iJ 1 (fi) to the boundary value 
problem 

K.(x,D)(w-2,w- 2 ) = infi, (w_ 2 + w_ 2 )|r = + (67) 
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We introduce the functions wo jT ,wo,i € H (ft) by 

t r z 2o z 4> 



and _ 

r -H 2(9^$ 

Simple computations and Proposition 8 for any p € (1, oo) imply the asymptotic formula: 



L 1 (x,D)(-e r *K TtB Mq 1 +q 1 /T)) - ^ ~ e^TZ T , Al (e 1 (q 2 + q 2 /r) 

e 2 {q 2 +q2/T)e T * r$ ~ e 2 (gi +qi/r)e r<1> 

-Li(x,D)(e fc^BAeiiqi+qi/T)) + 



-Li(x,D)(e /Cr.AiCeiCga + q2/r)) + - 



2tc\<S> 

-(Ql - 2^B X - AiBi)e T *^ T , Bl (ei( g i + gi/r)) - (Qi - 2d z A x - Bi-Ai^ftr^Mfc + q 2 /r 



-e TO Li(a;,£>)( v ^ „ ' ' ) - e T<p LAx, D)(- 

-(Qi - 2dxBi - AxB^woe^ - (Q 1 - 2d z A x - B x A x )w^ 
(Qi - 2chB x - A 1 B 1 )e r9 1 ^- - {Q, - 2d z A x - B 1 A 1 )e r ^ 6l<Z2 



2rS 2 $ v ^ iy 2r9^ 

+~((Q! - 2fci? a - + Li(x,D)(g|)) e ^ 

+ i((Q 1 - 23 2j4l - + Li(x, J D)(g))e^ 

= --(Qi - 2^ - AiBi)u>_ie T * - -(Qi - 20,^ - BiAi)u5_ie T * 
t r 

-(Qi - 2^ - AiBi)w e T * - (Q x - 2d z A x - SiA 1 )w e T * + e^o LP{n) (^). 

Using this formula, we prove the following proposition. 
Proposition 11 For any p > 1, we have the asymptotic formula: 

.1 



L 1 (x,D)(w 0tT e T<s ' + w 0iT e T * - e T *7^ T:Sl (ei(gi + £?i/r)) - e T<s, TZ^A 1 (ei{q2 + Q2M)) = e Ttp o LP(n - ) (-), 

1 



(w , r e r * + w , r e T * - e r *^ T , Bl (ei(gi + (fi/r)) - e 1 "*?^^ (ei(q 2 + §2/ T )))|r = e^OffHro)^)- 
Proof. By flU}, (JBS), (53]), (JBTJ) and ([57 )1 - ([55 ]) ■ we have 

(w , T e r * + wo,re T * - e r *7?. T! B 1 (ei(qi + §i/t)) - e 7 "*^^ (ei(<? 2 + ?2/r))|r 
= K,re TV + w ,re TV - e T ^ T)Sl (ei( gi + §i/r)) - e T *K TiAl ( ei (q 2 + &/r)))|r 

= e ^( Wo + ^-i-«2gi/2^$ + 1 (eM ^(5) + e -Mr,K*) _ + w _ 2 _ _Jl ) 
t t z 2a 2 <P 

+ ^-1 - Wgggg + 1 (e 2^(x) 6 + ^(B)^ + _ 

-e r ^ T , Bl ( ei (gi + §i/r)) - e T ^ TlAl (ei(g 2 + fcM)))\r 
= e T ^{ — ( e 2iT ^ (£) a+ + e" 2lT,/ ' (5!) a_ + e 2l "«*)& + e- 2 ^ 5 ^) 

T 
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-e rv ^ r , Bl (ei(gi +5i/r)) - e TV TZ T . Al (ei(g 2 + 92/T))}|r = eTV °H 1 (ro)(^2 )• 
Here in order to obtain the final equality, we used Proposition 1101 Similarly to (1451) we obtain 

t i nv r$ , ~ r¥ e 2 (gi +gi/r)e T<I> e 2 (g 2 + g 2 /r)e T<1, 
M^Xv + W0 , r e _ _ ) 

2to z 9 

+ (Qi - 2d z Ai - B 1 A 1 )(w , T - e 2fe+|/^) )e r¥ (73) 

By and COI, we obtain (fTTJ. ■ 

We set O e = {a; G SI; dist{x,dVt) < e}. In order to construct the last term in complex geometric optics 
solution, we need the following proposition: 

Proposition 12 Let A,B G C 5+Q (S7) and Q G C* 4+a (S7) /or some a G (0,1), / G L p (0) /or some p > 2, 
dist(TQ, supp /) > 0, g G iT^(ro), and e be a small positive number such that O e (~)('H \ Tq) = 0. T/ien i/iere 
exists C independent of r and tq such that for all |t| > tq, there exists a solution to the boundary value 
problem 

L{x,D)w = fe^ in fl, w\r = qe Tip /t (74) 



such that 



IrlHtee-^IU^n) + -^=\\{Vw)e-^\\ L ^) + \\we^\\ mn0m) < C(\\f\\ LP(m + IMI^^)- (75) 



Proof. First let us assume that / is identically equal to zero. Let (d, d) G 1 (SI) x 1 (SI) satisfy 

lC(x,D)(d,d) = inft, (d + d)\r =q. (76) 
For exitance of such a solution see e.g. [50]. By (l4"S"|) and ([7rJ)l . we have 

L(x 1 D){-e T ' s> + -e rT ) = -(Q - 2d z A - BA)de T ® + -(Q - 2c\B - AB)de T * '. 

T T T T 

By Proposition [BJ there exists a solution w to the boundary value problem 

L(x, D)w = (Q- 2d z A - BA)de T ' i ' - -(Q - 2c\B - AB)de T ®, w\ Fo = 

T T 

such that there exists a constant C > such that 

\\we-^\\ H1 ,r {Q) < -^\\(Q~2d z A-BA)de^ + (Q-2chB-AB)de-^)\\ L 2 {n) < -S=r\\q\\„i 



>H2(r ) 
for all large r > 0. 

Then the function (^e T * + |e rT ) + w is a solution to (JT4J) which satisfies (75]) if / = 0. 

If / is not identically equal zero, then we consider the function w = ee T ' s 'lZ T ,B(eiqo), where e G 
C °°(S1), e| sup p ei = 1 and q = P A f - M, where a function M G C 5 (S1) belongs to Ker(2d z + B) and 
chosen such that g |« = 0. Then L(x, D)w = (Q - 2c\B^- AB)w + eei/e T * + 2ee T<s, q d z ei + e T *(2t\ + 
A)(d z elZ Tt B(eiqo))- Since, by Proposition 8, the function /(r, •) = e _T *L(a;, D)w — f can be represented as 
a sum of two functions, where the first one equal to zero in a neighborhood of % and is bounded uniformly 
in t in L 2 (S7) norm, the second one is Ol2(q) ( i). Applying Proposition [5] to the boundary value problem 

L(x, D)w* — fe T ® in SI, u>*|r o =0, 
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we construct a solution such that 

ll^e^H^i.^n) < C\\f\\ LP{n} . 

The function w* — w solves the boundary value problem (|73j) and satisfies estimate (|75|) . ■ 

Using Propositions 1121 and II 11 we construct the last term u-± in complex geometric optics solution which 
satisfies ^ 

yFlll u -ilU 2 (n) + -7=||(Vu_i)|| L a(n) + ||u_i||#i.t (c , c ) = o(-) as r ^ +00. (77) 



m 

Finally we obtain a complex geometric optics solution in the form: 

ui(x) = w ,re T * + wo,re r * - e T *1Z T!Bl (qi + qi/r) - e T<s> K T , Al {q 2 + cfz/r) + e Tip u- 1 . (78) 
Obviously 

L 1 (x,D)u 1 =0 in ft, ui|r = 0. (79) 
Let «! be a complex geometrical optics solution as in (|78l) . 

Let e g C^°(M. n ) be a function such that e is equal to one in a ball of small radius centered at 0. We set 

r)(x,s) = e((x -x)e s2 ). (80) 

Then the operator 

L 2 (x, s, D) = e-^L 2 {x, D)e sri = A + 2{A 2 + 2sr^)d z + 2(B 2 + 2sn z )dz + Q 2 
+ (sAr) + s 2 (Vrj, Vrj))E + 2s-q z A 2 + 2srj z B 2 

is of the form ([1]) and has the same partial Cauchy data as the operator L 2 (x,D). Also for the operator 
L 2 (x,s,D), one can construct a similar complex geometric optics solution. 
Consider the operator 

L 2 (x, s, D)* = 45,0* - 2A* 2<s dz - 2B*J Z + Q* 2>s - 2^A* 2 s - 2d z B* 2s 
= (2d z - Al s )(2ck- B* 2 J + Q* 2 - 20^* - A* 2 B* 
= {2d z -Bl s ){2d z - Al s ) +Q* 2 - 2d z B* 2 - B*A* 2 . 

Similarly we construct the complex geometric optics solutions to the operator L 2 (x, s,D)*. Let (wi,wi) € 
C 6+a (ft) be a solutions to the following boundary value problem: 

■M(x, D)(wi, wi) — ((20^ — B 2 )w\, (2d z — A 2 )w\) = in fi, (101 + «5i)|r = 0, (81) 

dxldT 2 wi{x) = d^d^wx(x) VieH and Va x + a 2 < 2, 

lim ^% = lim JM^L = 0. ( 82 ) 

x^>x ± \x — X±[ M x^x ± \x — X±\ yS 

Such a pair (wi,wi) exists due to Proposition 9. We set (wi, s , wi jS ) = e sr, (wi, w\). Observe that 
L 2 (x, s, Dy(w hs e- T *) = (Q 2 - 2ckA* 2 - A*B*)w^ s e-^ , 
L 2 (x,s,D)*(w ljS e- T *) = (Q* - 2d z B* - B 2 A 2 )wi tS e~ T ® . 

We set 

(83) 

* = ^-b 2 *((Q2 ~ 2fcA 2 * - A 2 *B 2 *) Wl ) - M 3 , q 4 = T_ A «((Q* - 2d z B* 2 - B 2 *A 2 *)w 1 ) - Af 4 . (84) 

Denote q 3 , s = P-b; s {(Q*2 ~ 2 ^ A * - A 2 *B 2 *) Wl , s ) - M 3 . s = e sr >q 3 ,q iiS = T_ A j s ((g| - 2d z B* 2 - 
B 2 *A 2 *)wi, s ) - M 4)S '= e s "g 4 where the functions M jt „ = e^Mj, M 3 € Ker(2d z - B^) and M 4 € 
Ker(2d z — A 2 ) are chosen such that 

gj,(i) = g 4 (2) = 0, d£d%q 3 (x) = d^d^q 4 (x) Vx &H\ {x} and Va x + a 2 < 5. (85) 
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By ([55)1 the functions 2 g 3 $ , ^Jzj belong to the space C 2 (To). Therefore we can introduce the functions 
u>_3, w-3, a±, b± 6 C 2 (fl) as a solutions to the following boundary value problems: 

M(x,D)(w^ 3 ,w. 3 ) = infi, (w. 3 + uL 3 )|r„ = ^ + JJ=, (86) 

a^^ 2 2 u;_3(x) = d^d^W- 3 {x) Vie € % and Va x + a 2 < 2, 

jW(x,D)(o±,6 ± ) = infi, (o± + 6±)|r = m±. (87) 

Let 

P3 = -(Q5 ~ 2^A* - A|S 2 *)(^ + W _ 3 , s ) - £ 2 (*, «, (fgf )> 
P4 = -(Ql - 2d z B* - B*A* 2 )(^r + uL 3) .) - L 2 (x, s, Df{^) 

and 

93 = e- sr i{P_ Bi s p 3 - M 3 , s ), 94 = e-^(T^ AlsPi - M 4)S ), 
where M 3jS G Ker(2dz~ B 2 S ),M 4 , S € Ker(2d z — A* 2 s ), and (<f 3 , s ,§4,s) = e SI, (§3,§4) are chosen such that 

q 3>s (x) = q ijS (x) = 0, d£d%q 3tS (x) = d£d%q i>s (x) Vx e "H \ {£} and Ve»i + a 2 < 2. (88) 
The following asymptotic formula holds true: 
Proposition 13 There exist smooth functions fh± € C 2 (dfl), independent of r and s, smc/i £/ia£ 

^-r,-A S| ,(ei(g 3 , 8 +g3,«/r)) = + t2 +e 2lT ^o H i {an) ( — ) as |r| -> +oo (89) 

and 

^ Tl _B. j (ei(?4, s + ?4, s / T )) = 1 +e~ 2l " / 'o // i (a o)(;^) as |r| -> +oo. (90) 

Proof. The functions g3 jS ,g4 iS belong to the space C 5+a (Ct) q 3s ,q 4}S belong to the space W^(fi) for any 
p > 1. By ([8"5jl and ([85|). we have g 3iS = q 4:S = q 3>s = q^ s = on H. By ([55]) and (f8"3|). we have 

T^-r-A* s (ei(g 3 ,s + m.s/r)) = e sri 1Z- T - A *{ei{q3 + $3/7")) 

and 

72._,- ) _B* s (ei(g4, s + §4, s /t)) = e sv TZ- T - B ;(ei(q 4 + qi/r)). 

Then applying Proposition fTOl and taking into account (f80|) . we obtain Proposition IT3l ■ 
By (|88|). there exists a pair (io_4, w_4) € H 1 ^) which solves the boundary value problem 

M{x,D){w_ i ,W- i ) = Q infi, + £U)k = ^ + ^g=. (91) 

We set (w_3 iS , u)_3. s ) = e sr, (w- 3 , W— 3 ), (a± tS , b± s ) = e sr, (a±, b±). We introduce the function Wi SjT , u>i s T 
by formulas 

= + tg-g,, + eW2&* + J_ (e 2^ (5 )~ + e -2^ (5 )~ + w _ 4 s _ e^s 

T T Z 2d z 9 

and _ 

= + w- 3 .s + e 2 q 4 , s /2c^> + J_ (eW )-£ + e -2^(^ + ~_ _ 
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By ([55]) and (JSSJ, the functions w\, s ,t , wi,s,t belong to 7J 1 (r2). Using (|38p. for any p G (1, +oo) we have 

L 2 (x,s,D)* (-e- T *n- r ,- AStt (e 1 {q Sia + ^)) 

-e-^TZ-r.-B- (ei( 94jS + ^)) 



r " 2r<9 2 $ 
' ¥ e 2 ( g4 , s + 



-L 2 (x, s, D)* e- T *1l- Tt -A* . (ei(g 3 , s + ^)) 



t " 2t(9 2 $ 



-L 2 (x,s,£>)* e- T *7e_ T ,_ BJ (ei(«/ 4 ,a + — )) 



r 2t<9 2 4> / 

= -e T *(Q2 - 2d z B* - B 2 *A 2 *)n- r ,- Als (e 1 (q 3 , s + ^)) + e^L 2 (x, s ,£))*(^|^^l) 

-e^ ¥ (Q^ - 2M5 - A 3 *B a *)^_ Tl _ B .,(e 1 ( g4 ,. + ^)) + e^L 2 (x )S ,£>)*( ^%-^^ ) 

r 2x92-$ 

-(Q5 - 2d^A 2 * - A 2 *S 2 *)( W i, s + ^£)e- T * 

r 

-(Q2 - 2d 2 B 2 * - B 2 *A 2 *)(™ M + ^i) e -- ¥ + o L , {a) (±). (94) 

Setting w* = Wl ^ T e- T * + Wi, s , T e- T * - e-^^^^e^ + - e- T *7e_ T ,_ B . s (ei(? 4) , + %^)) 

for any p € (1, 00), we obtain that 

L 2 (x, s, D)v* = e~ T<p o L p(n)(-) in fi, w*|r = e~ rip o ff i ( r )(^). (95) 

Using ([93)1 and PropositionlT2"landlTll we construct the last term u_i in complex geometric optics solution 
which solves the boundary value problem 

L 2 (x,s,D)v-i = L 2 (x,s,D)v* in O, u_i|r =«* (96) 

and we obtain 

— 1 1 

FlF-ilk^) + ^=ll(Vi;-i)||i,2 (n) + ||u_ 1 ||jji,r (0e) = o(-). (97) 

T T 



Finally we have a complex geometric optics solution for Schrodinger operator L 2 (x, s, D) in a form: 

v = wi, s . T e~ T$ + wi, s , T e~ r * - e~ T *7^L Ti _A; (eife.s + — )) (98) 

2, a r 

-e-^_ r ,_ BS ( ei (g 4>s + — )) + f-ie-^. 
By (J98j, J95|) and ([96]), we have 

L 2 (x,s,D)v = in ft, u|r = 0. (99) 

Step 2:Asymptotic formula. 

Let u 2 = u 2 (s,x) be a solution to the following boundary value problem: 

L 2 (x, s,D)u 2 = in O, u 2 |ao = Milan, ~^Hr = ~Q^\f- ( 10 °) 
Setting w = ii\ — u 2 , we have 

L 2 (x, s, D)u + 2(A 1 - A 2>s )d zUl + 2{B 1 - B a ,.)Qs«i + (Qi - Q 2 , s )ui =0 in (101) 
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and 

du 



u\ an = 0, ^;lf = - ( 102 ) 

Let v be a function given by Taking the scalar product of (I101[) with v in L 2 (fl) and using and 

(flT)2")) . we obtain 

= «(«!,«)= / (2(A X - A 2iS )9 z u 1 + 2(S 1 -fl 2iS )9^ 1 + (Q 1 -Q 2) > 1 ,17)dx. (103) 
Jo 

Our goal is to obtain the asymptotic formula for the right-hand side of (|103p . We have 

Proposition 14 There exists a constant Co, independent of t, such that the following asymptotic formula 
is valid as \t\ — > +oo: 

/ = ((Qi-Q2,>i, ^2^104) 



(((Ql - Q2,s)w 0l Wl, s ) + ((Ql ~ Q2,s)w 0l W\, s ))dX 

Co , ((Qi-Q 2 , s Vo,W^)(^)e 2T ^ + ((Qi-Q2. s )^o,^7)(5?)e- 2lT,/, ^ ) 

H h 27T ■ t 

t T\detip"(x)\i 

[ {{Qi-Q2,s)wo 1 w^)e 2 ^ { -^§-da~^- f (( Ql ^Q 2 ^^) e -^^^-da + o{-). 
2r« Jan iWr 2 ™ Jan l v vl r 



Proof. By flBH|), dSHJ), (EH), dSSJ), GHJ) and Propositions [5] and H we have 



wi(x) = («;oH )e + w H )e - - — -— - + e v o L 2 (n) (-) as t ^ +oo. 105) 

t r 2t<9 z $ 2tg' z < 1 > 



Using (|92 ]l , (|93 ]l . ([85 ]) , (|88 j) . ([98 ]) and Propositions and H we obtain 

— ™. — 7*3? — T$ 1 

«(*) = ( WM + ^)e-* + (^, s + ^)e-^ + ^4^ + %4— + e -^o L2(0) (-) as r +oo. (106) 
By (|105p and f|106|) . we obtain the following asymptotic formula: 

((Qi - Q 2 ,>i,«)^) = ((Qi - Q 2 ,.)(K + -^V* + (wo + - |= - + e^ 0i2(n) (-)), 

K« + e +{wi,s + )e +— -=^ + — — — +e v o L 2 (n) -)) L 2 (n) 

(((Qi - Q2,s)w Q , wT7) + -((Qi - Q2, s )w ,w- 2 , s ) + -((Qi - Qi,s)w-i,w^) 
<> r r 

l 



((Ql - Q2,s)u>0,Wl,s) + -((Ql - Q2,s)W-l, Wl, S ) + ((Ql - Q2,s)W0, W- 2 ,s))dx 
T 

+ \ jWl Q 2) >0, ^) - ((Ql - Q 2 ,s)^,W^) 

-((Qi - Q2, s )—^=,w ltS ) + ((Qi - Q2, s )w , -J=))dx 

(((Qi - Q2. s )w ,wU)e 2 ^ + ((Qi - Q 2 . s )w ,w\' s )e- 2 ^)dx + o(-). 
n ' t 

Applying the stationary phase argument (see e.g., [5]) to the last integral on the right-hand side of this 
formula, we complete the proof of Proposition [TU ■ 

We set _ __ 

U = wo, T e + wo, r e , V = wi jS . T e + w\ tStT e 
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By the stationary phase argument and formulae (dJ), (f5Tj) . (|68p . (|69p . and (|M|) . short calculations yield 
that there exist constants Kk,Kk, independent of r, such that 

Ji = 2(( J 4i-i4 2 ,,)a,W,V) i ; a( n) 
= (2(Ai - A 2 ,s)(d z {w ,Te T ' s? ) + <9 z w , T e T *), iui, SjT e~ r * + wi, s , r e~ r *)L2(Q) 

3 

= ^r 2 - fc Kfc + e 2 ^\((A 1 - A 2tS )d z ^a+,w 1 , s ) LHn) + ((At - A 2 , s )d z <S>w ,b_, s ) L 2 {n) ) 

+e- 2iT ^(((A 1 - A 2tS )d z $a-,wi !S ) L 2 m + ((A, - A 2>s )d z $w ,b+, s ) L 2 m ) 
+2 / ((A l -A 2tS )d z w ,'^~ s )e- 2 ^dx- ( (2d z (A 1 - A 2tS )w ,wU)e 2 ^dx 



and 



fc=i 



2((Ax - A 2 , s )w ,d^)e 2Ti ^dx + (v x - iv 2 )((A x - A 2 , s )w Gl w^)e 2l ^da 
n Jan 

HI 

3 

= ^r 2 - fc « fe + e 2iT ^^((( J 4 1 - A 2 , 5 )5 z $a + ,tZ; 1)S ) i 2 (n) + - A 2jS )d z <i> W o, &-,.)^ ( n)) 
+e -2ir^(x) (((Ai _ A 2 ,.)5,$a_,ioi )S ) La(n ) + ((A x - A 2iS )9 z $ W0) &+, s )^(n)) 

o Jo 

((Ai - A 2 , s )w ,B* s w hs )e 2T ^dx + f (u x - iu 2 )((A x - A 2 , s )w a ,wn)e 2lT,p d<j 

Jan 



k=l 



-o[~) (107) 



I 2 = ((Bi - B 2 , s )d z U,V) L 2^ 
= (2(Bi - B 2tS )(e T ' s> d z wo tT + d z (w 0tT e T<s> )),wi tS:T e~ T ' s ' + w>i, s , T e~ T *)£2(n) 

3 

= $> 2 - fc « fe + e 2 ^\((B 1 - B aia )d^b + ,W!,.)^ n) + ((Si - S 2)5 )^$S ,a_, s ) L2( o)) 
fc=i 

+e- 2 ^®(((S! - S 2iS )^¥6_, Wl , s ) i2(n) + ((Si - S 2:S )^¥w ,S +:S ) L 2 (o) ) 

+ f 2((B 1 -B 2 ^d z w ,wr;)e 2Tl,p dx- f (2d z (B 1 ~B 2 ^ s )w () ,^Z)e- 2T ^dx 
Jn Jn 

- [ (2(Bt - B 2 , s )w ,Km7s)e- 2T,p dx + [ (v x + iv 2 )((Bi - B 2 , s )w Q ,^Z)e~ 2lTlp da + o ( -) 
Jn Jan \ T / 

3 

= Y,T 2 ~ k Kk + e 2lT ^(((B 1 - B 2| .)ft*&+,«*,.)^(n) + - B 2 , a )d^w , a_ )S ) L2(n) ) 
fc=i 

+e -2*r^(5)(((B 1 - B 2 , s )^L, WM ) L2(!i) + ((Si - B 2<s )d z -m ,a +tS ) L 2 in) ) 

- f ((B, - B 2 , s )A lWo ,wr;)e 2T ^dx - I ' (2& z (B 1 ~B 2tS )w a ^ s )e- 2T ^dx 
Jn Jn 

- I ((B 1 -B 2 , s )m,A*^T~ s )e~ 2T ^dx+ f (^ + i^iiBt - B 2 , s )wo,^s)e- 2l ^'da + o ( -) . (108) 
Jn Jon \ T / 

Using (I35p and integrating by parts, we obtain 

/ 3 = - / (2(Aj - A 2)5 )a z (e T *^ T>Bl {ei(gi + ft/r)} + e^ft^eifo + §a/r)}) 
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+2[Bx - B 2 , s )d T (e T *n T , Bl {ei( qi + gi/r)} + e T *K T , Al {e x (q 2 + q 2 /r)}), V)dx 
(2(A 1 - A 2 , s )(e r *(-B 1 li TtBl {e 1 (q 1 + gi/r)} + e x { qi + qi/r)) + e T¥ d z ft r , Al {ei(g 2 + g 2 /r)}) 

- 2(ZJ, - B 2tS ){e^d w n T , Bl {ex{qi + QiM} + e^(-A 1 TZ T , Al {e 1 (q 2 + q 2 /r)} + e 1 (q 2 + q 2 /r))),V)dx 

(2(A 1 ~ A^e^i-B^B^e^ + q x / T )} + e 1 (q 1 + qjr)) 

i 

+2{B 1 - B 2 , s )e T ^{-A 1 TZ TlAl {e 1 (q 2 + g 2 /r)} + e x (q 2 + q 2 /r)),V)dx 

+ [ (2d z (Ai - A 2 , s )e^Tl r , Al {e x {q 2 + g 2 /V)} + 2d g (B x - B 2tS )e T *n r , Bl {e x (q x + gi/r)}, V)dx 
Jn 

- f (2(A 1 - A 2 , s )e rlS K T , Al {ei(q 2 + g 2 /r)}, d z V) + (2(5! - B 2<s )e r *n TiBl {e x (q x + q 1 / T )},d ? V)dx 
Jn 

- I {{vx-W2){{Ax- A 2 , s )e T ^n TjAl {e 1 (q 2 + q 2 /T)},V) 
Jon 

+(v x + iv 2 ){{B x - B 2)S )e T *^ Tl B 1 {ei(gi + q x /r)}, V)}d<r 

= - / (2(Ai - ^2, s )e T *(-S 1 ^ T , Sl {e 1 ( (Zl + gi/r)} + ei (gi + §i/r)) 
Jn 

+2(5! - B 2 , s )e T *(-A 1 K T , Al {ei{q2 + g 2 /r)} + e x {q 2 + q 2 / T )),V)dx 
+ [ {2d z {Ai - A 2tS )e T ^Tl T , Al {e x (q 2 + q 2 /r)} + 2d z (B x - J3 2 . s )e T *ft r , Bl {e x {q x + gi/r)}, V)cte 

Jn 

+ / (2(Ai - A 2 , s )^ Tij4l {ei(<?2 + §2/t)}, 9 2 W7) + (2(Bi - Sa.^^s^ei^! + gi/V)}, ^ru^cfa: 

Jn 

+2 / e^-^Ce^ga+ga/r),?^^^!-^)*^!,,,-^^)))^ 



+2 / e r (*-*)(e 1 ( (Zl +g 1 /T),T^((B 1 -B 2 , s )*(5 z u; 1 , s -Ta z $ Wl , s )))dx 

- / {fa-m){{Ai-A i , a )e T ^, Al {e 1 {q 2 + q2M},V) 
Jon 

+ ^ 2 )((-Bi - B2, s )e T *^ T)Bl {ei( gi + gi/r)}, V)}da. (109) 
By ([52) and the boundary integrals in f|109[) are 0(4j). By (po| and Proposition 01 we have 

2 / e ^ ¥ -*)( eig2 /T,P^ l ((yl 1 - A 2 . S )*(3^ M - rd^w hs )))dx 
Jn 

+2 I e< 9 -^\e 1 q x lT,T Bl {{B 1 -B^ a Y{d z w ljS -rd z ^w 1 , a )))dx = o{^ as r -»• +oo. (110) 

Applying the stationary phase argument, (|110[) , Propositions [5] and El we obtain from (|109l) that there exists 
a constant C x independent of r such that 

h = — + 2 / e -( 5 -*)(e 1 g 2 ,Pi i ((A 1 - 4,,.)*(-T0 s *i5i, s )))da: 
r Jti 

+2 / e T (*-^(eigi,T^ 1 (( J Bi- J B 2 , s )*(-ra i $«;i, fl )))da: + o(i) asr^+oo. (Ill) 
Jn t 

Using (1351) and integrating by parts, we obtain 

h = f (2(Ai - A 2 , s )d z U + 2(B X - J3 2 , s )c^, 
Jn 

-e- T<s> lZ-. T - A * 3 {ei(<?3, s + 93, s /t)} ~ e- T *7^_ T! _ B * s {ei(g 4!;5 + g 4 , s /r)})(ia; 

18 



= - / (2(Ai - A 2 , s )9> e T * + 2{B X - B 2 , s )%i;oe T *, 
Jo 

e- r *^_ T _A;{ei(q 3 ,« + 93, s /r)} + e-^_ r ,_ B . {ei(g 4 ,, + qA, s /r)})da 



n 



(2(A 1 - A 2tS )(d z w + Td z ^w )e T,p , e-r*K a. { ei fa, + g 3 , s /r)})d; 



x 



[ (2(5 1 -B 2iS )(^u5o+r^wo)e T * ) e-^_ Ti _B 2 . s {e 1 (g 4 , s + g4, s /r)})dx 

Jn 



m 

/O 



+ / ((2a z (A 1 -A 2 , s )i ( ;oe T *,e-^_ T) _ s .{e 1 (g4, s +g4, s /r)}) 



</<> 



+(2d z (B 1 - B 2 ^)w e T<s> , e-^_ T ,_ A . s {ex(q 3 , s + q 3 ,sM}))dx 
{(vi ~iv 2 ){{A 1 - A 2 , s )woe T *,e- T *K- T ,-B*{ e i(<l^ + q4,s/T)}) 



+ iv2){{B X - B 2tS )w e TiS> , e-^Tl- r ,-Ai s {ei(q3,s + q 3 , s /T)})}da 
+ [ (2{A 1 - A 2 , s )w e T * ,dz{e~^n- T ^B 5 g { ei (q 4 , s +q 4 , s /T)}))dx 



n 



+ / (2(B 1 - B 2 . s )w e r *, d z (e-^n. T ,. Ai s {ei(g 3 , s + q 3 ,s/r)}))dx 
Jn 

= - I (2{A 1 - A 2tS )d z w e T * + 2(B X - B 2tS )d?w e T * , 
Jn 

e-^K-r^A* ,{ei(to,, +©,«/t)} +e^*7J_ r> _B S lei(g 4> . +«4,./r)})da! 



(2T* A . i# ((>li -AiJidiWo + TdtQwo^eTp-Veiiqa,. + q 3 , s /r))dx 

[ (2P*™ ((fli - fl a ,«)(^J + rd&wo)), e T (*-*)ei(g 4 , s + q4,s/r))dx 
Jn 

+ [ (2a 2 (A 1 -A 2!S ) Wo e r *,e-*^ r ,_B 2% {e 1 (g 4 , s + 54. s /T)}) 



+(2%{B X - 5 2 , s )™ e r *, e- T *7e_ T ,_ A . s {ei(g 3 , s + &,./r)}))da: 

- / {(^i -w 2 )((Ai - A 2 , s ) W oe T *,e-^_ T ,_B |a {ei(g4, s + g4, s /r)}) 
Jan 

+(H + w 2 )((Bx - B 2 . s )w e T ^, e-^n- T ,- A5>e {ei{q 3 , s + q 3 , s /r)})}da 

+ [ (2(A 1 - A 2tS )w e Ti ,e~^B* ^r^B^ie^q^ + q 4 , s /T)} + e-^e^s +q 4 ,s/r))dx 
Jn 

+ [ {2(B 1 - B 2 , s )w n e T ^, e-^A* 2 t K-r,-A* s {ei(g 3 , s + g 3 , s /r)} + e--* ei ( g3 , s + q 3 , s /r))dx. (112) 
Jn 

By Proposition Q21 the boundary integral in (|112[) is O(A-). By and Proposition 0] we have 

- / {2T*_ A . {{A x - A 2 , s )(d z w + Td z <S>w a )), e^-^em^dx 
T Jn 2,a 

- /(2P*_ S , ((B 1 -B 2 J(d^ +Td z Mw )),7^^h^' s )dx = o(-) asr^+oo. (113) 
Jn 2,3 T 

Applying the stationary phase argument, Propositions [5] and |31 and (|113l) . we obtain from (|112l) that 
there exists a constant C 2 , independent of r, such that 

h = — -[ (2T*_ A * {{Ai - A 2 , a )Td z ^w ),e^-^e iq3 , a )dx 
T Jn 2 - s 
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- [ {2P*_ B * {{Bi -B 2 , s )Ta F ${Co),e T (*-*)ei g4 , s )^ + o(i) as r -> +00. (114) 

Step 3:derivation of equations ([2j) - (f4]) . 

We set 

Ui(x) = w ,re r * + w 0jT e T * - e r *^ r! _ Bl {e 1 ((? 1 + §i/t)} - e T *ft rij4l {ei(<7 2 + (jb/r)}, 
Vi(x) = wi, s , r e _r * + wi, s , r e~ r * - e _T *^_^_A* s {ei(q 3 ^ + §3,*/t)} 

-e _T *7?._ r ^s* s {ei((74, s + §4, s /t)}. 

By ([77|. ((98)) and Proposition we have 

©(u_xe T ^, w - («;i, s , r e- T<i) + w^e^)) = - ( WQ , T e T * + S , r e T *), «„ie- T ^) (115) 

/ 1 \ 

= o(-=) asr-> +oo. 
V r 

Then 



«(ui,«) = Jj Vl -iv 2 ){{A 1 -A 2tS )w Q ,wU)e 2lT4 'da + J fa + iv 2 ){{B x - B 2 , s )w , wx^e' 2 ^ da (116) 

Let $ be given in Proposition [2J Then by (|43 p .(|82 p and the stationary phase argument, the asymptotic 
formula holds: 

®(ui,v) = Y,{(yi - - A 2 , s )w ,wn)e 2tT ' p + fa + iv 2 ){{B x - B 2 , s )w ,tiZ) e - 2 ^}(x) (117) 

+o{—=) asr-> +oo. 

Since for any x one can find $ such that x € G and Im$>(x) ^ Im<f>(x) for any x € Q \ {x}, we have 



((Ai - A 2tS )w , wx, s ) = {{Bi - B2, a )wo,wi,s) =0 on L . 



These equalities and Proposition [9] imply ([2]). 
Next we claim that 



<S{e Tlf 'u- 1 ,v)=<S(u 1 ,e- Tip v- 1 ) = o{-) as r -> +oo. (118) 

T 



Obviously, by ([77| and Proposition [8j we see that 



0(e r¥, u_i,v- V) =o{~) asT^+oo. (119) 

T 



Let x e C£°(ft) satisfy x|n\e> e = 1- By (|TT|). we have 



0(e^ U _ x , V) = ©( e ^_!, xV) + o(-) 

r 



= / (2(A 2 - A 2tS )d z (e T ^ 1 )+2(B 1 -B 2tS )d z (e T ^ 1 ), X V)dx + o(-) 
Jn t 



1, 



(2(A X - A 2:S )^(e T ^_ 1 ),xwi, s e-*) + (2(B X - fl a ,a)^(e T *'tt_i) ) ^ue T *)& + o(-). (120) 



20 



Let functions W4,W5 solve the equations (— + Bl)wi = 2(Ai — A 2tS )*wi jS and (— d z + A*)ws — 2(B\ — 
B 2 , s )*w 1<s . 

Taking the scalar product of equation (|69[) and the function wc l e T ® + W4e T *, after integration by parts 
we obtain 

/ (2d z (e r ^u- 1 ) + A 1 {e TV u^),2{A l - A 2 . s )*w 1}S e^) (121) 
Jn 

+{2d z -(e r *U- 1 ) + Bi(e T *U-i), 2(B 1 - B 2 ^*w hs e^)dx = o(-). 

T 

By (|120|) and (|12ip , we obtain the first equality in (|118[) . The proof of the second equality in (|118[) is the 
same. 

By (fTo ]) . ([2]). ([80 ]) , ([TT2]) , (IT09| . (|T08| . (|T07| and (|TT8| . we have the asymptotic formula: 

e 2ir*(x) (((Bl _ B 2iS )^$6 +)ttliS ) i2CO) + ((Si - B 2 , s )^I^o,a-) L2( n)) (122) 
+6-2*^(3) ( ((Bx - S 2 , s )^_,^ liS ) L2(a) + ((5 X - B 2>s )^m ,a + ) L * {n) ) 
+e 2irv-(2)((( j4l _ ^ 2 s )a z $ a+j jfl ) L2(n) + - A 2 , s )d z <S>w ,6_) L 2 (n) ) 
+e -2i^(x)( ((Al _ A 2li )0,$a_,«ii >a )L»(n) + - A 2 , s )5 z $ W o,MlW 

(Q +Wo ,W 1 )e 2 ^^+ s (Q_fi5 ,Wi>- 2i "^ +s , . , ,1, 

— 7r 1 7T 1 h F(r) + of — ), 

r|detV>"(x)p r|detV"(^)h r 

where Q+ = 20,(A X - A 2 ) + B 2 (A X - A 2 ) + (_B X - B 2 )A X - (Q a - Q 2 ) and Q_ = 29 ? ( J Bi - B 2 ) + - 
B 2 ) + (Ai - A 2 )B t - (Qx - Q 2 ) and 

V(t) = -2t [ (T*_ A . ((Ax - A 2 , s )d z $e sr >w ), q 3 + q 3 /r)e 2i ^dx 
Jn 

-r f (2P*_ B , ((B, - B 2ia )dj&e aT >w ), 94 + q^e'^dx 
Jn 

-2r / e- 2 ^(q 2 +q 2 /T,P* Ai ((A 1 - A 2yS )* (d&w^dx 
Jn 

-2t f ( qi +q 1 /r,T* Bl ((B 1 - B 2 , s )*(d z 3>w 1:S )))e 2 ^dx 
Jn 

Observe that 

T!^.((Ai - A 2 ^)e sr >w Q )+e sr >w G KerT*_ A », P* B .((fli - B 2 ,,)e s ^o) + e s "^ € #erPl B , 

and 

P^ ((Ax - A 2 , a )*fiJi,,) + ffi lia g if er , T* Bi ((B, - B 2t ,)*w lt .) + w hs G if er T\ . 
Thanks to Proposition U and above relations, there exist functions r% tS G if er T*_ A * , r 2iS G 
if er P* bj j r 3,s G ^ er p l 1 ; r 4,s € if er such that 

7>(t) = 2t f (d z $w , e T <*-*)ga,,)<fc: + t / (n,„ e T (*-*)g 3 )da; 

+2r / (^-¥u>o,^ 5 - f W)^ + T - / (r 2 , fl ,e T (*-*)g 4 )da; 
Jn Jn 

+2t f e T ^-^d z ^{q 2 + q 2 /r,m^)dx+T f e T <*-*> (q 2 ,r 3 , s )dx 
Jn Jn 

+2t [ e T ^-^ qi ,^wT^)dx + T [ e T ^-^( qi ,r 4 , s )dx + o(-) asr^+co. (123) 
Jn Jn T 
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Integrating by parts in the above equality, we have 



V{r) = -2 / (wo,e-r(*-*)d z q 3tS )dx + T / (n, s , e<*-*)q 3 )d. 



-2 / (w ,e^^d^q 4 , s )dx + T / (r 2 , s ,e T (*-*)q 4 )dx 
Jn Jn 

+2 / e T ^\d z q 2 ^x.s)dx + T f e T ^-*\q 2 ,r 3 , s )dx 
Jn Jn 

+2 [ e T ^-*\dz qi ,w hs )dx + T [ e T{ *-*\ qi ,r 4tS )dx + o{-) asr^+oo. (124) 
Jn Jn T 

Applying the stationary phase argument, we obtain that there exists a constant C3, independent of r, such 
that 

, C 3 (Q +Wo ,W 1 )e 2 ^( sr )+ s (Q_w ,^)e- 2lT '« 5; )+ s 

Pit = 2ir 7 Zir j 

t r|detV"(x)|5 T\detip"(x)\2 

Jlir^ix) p — 2irtp(x) 

+ m I + ®^ + M I ,„n|. ( g (^) + S(4>)), (125) 

r| det^"(x)| 2 rldet^ (x)| 2 

where £1 = (gi, riTs), ii — ((72, ^3,s), ^3 = (72, s, 94), ^4 = (fi,s,93) and for any smooth function £(x) we set 
<n,n - (a ^JM^zH \ _ a *K , 1 o , 4 z (x)(^-F)\ _ 1 /^(x)(z-f) 2 ^ 

Since ip(x) ^ 0, we obtain from (|125l) and (|122|l : 

((Si - B 2<s )d^b + ,wi )S ) L2m + ((B x - S 2i5 )%$^o,S_, s ) L2( n) (126) 

+((Ai - A 2 , s )9 z $a +! u;i, s )i,2(n) + ((Ai - A 2 )5 z $w , fe_, s ) L 2 (f2) 

(Q+wo^e* ®(l 4 )+®(£ 2 ) 



|det^"(s)|' |detV"(x)|5 



= 



and 



((Si - B 2 , s )^-,wi, s )i2(!!) + ((-Bi - B 2 , s )^wo,a+, s )L 2 (Si) 
+((Ai - A 2 , s )<9 z $a_,w M ) L 2 (a) + ((Ax - A 2 , s )9 z $w ,6 + ^) L 2 (o) 

_ T (Q^ + gM±^!) =0 , (127) 
|det^"(2)|* |detV"(^)| 5 

Integrating by parts in (|126[) and (|127|) . we obtain 

((1/1 - iu2)dz$b + ,wi) L 2( dn -) + {{v x - w 2 )dz^w ,a^) L 2 (dn) (128) 

+{{vi + ii> 2 )d z <&a + , wi) L 2 (dn) + ((^1 + iv 2 )d z $wo, b-) L ^^g(i) 
^ (Q + w ,Wx)e s ®(£ 4 )+®(£ 2 ) = Q 
n \detip"(x)\i \detip"(x)\i 



and 



((^1 - iu 2 )d^b-, wi) L -2 {dn) + - iv 2 )dz$w ,a + ) L 2 {dn) 
-((j/i + w 2 )d z $a- ,w\) L 2 {m) + [{y\ + iis 2 )d z $w , b + ) L 2 {m) 



I det = I det 



= 0. (129) 
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Observe that 

4 

£|2>(4)|<C 4 (130) 

k—l 

with the constant C4 independent of s. We prove this inequality for ©(^4). The proof for remaining terms 
is similar. By (|80|) the functions (A\ — A2 tS )e sr] Wo are bounded uniformly in the space H 1 ^)' . Hence, by 
(f2"9"I the functions T*_ A (d z $(Ai — A2 tS )e sri wo) are uniformly bounded in L 2 (f2). Then the functions ri )S are 
uniformly bounded in L 2 (fl) and KerT*_ A2 . Therefore the functions ri )S are uniformly bounded in C 5 (K) 
for any compact K CC fi. Since l\ — (ri iS , ga), the proof of (|130[) is completed. 

Passing to the limit in (|128[) and (I129[) as s goes to infinity, we obtain (Q + Wq, Wi)(x) — (Q-Wo,wi)(x) = 
0. These equalities and (|42|) imply the equalities (|3|) and (|4|) at point x. According to Proposition [U a point 
x can be chosen arbitrarily close to any point of domain fi after an appropriate choice of the function $. 
The proof of the theorem is completed. 
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